Structures 2009: Don't Mess with Structural Engineers © 2009 ASCE

Parametric Bootstrap for System Identification of a Scaled
Reinforced Concrete Bridge

Shamim N. Pakzad, Assistant Professor, Department of Civil and Environmental Engineering,
Lehigh University, Bethlehem, PA 18018. pakzad@Lehigh.edu
Matthew Dryden, Graduate Student Researcher, Department of Civil and Environmental
Engineering, University of California, Berkeley, Berkeley, CA 94720. dryden@berkeley.edu
Gregory L. Fenves, Dean, Cockrell School of Engineering, The University of Texas at Austin,
Austin, TX 78712. fenves@mail.utexas.edu

ABSTRACT
Statistical analysis of the sensor network data is critical in processing the information and
establishing frameworks for interpretation and comparison. Sensor networks in structural
engineering applications produce small data sets in many cases, including during an event such
as an earthquake when the duration of the event is limited to tens of seconds and hence the data
sets are small. In the absence of abundant data, the bootstrap method is a statistical technique that
can be used to generate the desired parameters. Additionally, compatibility between finite
element models and the measured data is often used as a means to validate the model, the data,
and the signal processing methods. In this paper the data from a scaled laboratory test of a
reinforced concrete bridge specimen is used to demonstrate the effectiveness of both of these
methods. A finite element model of the bridge, created in OpenSees, is calibrated such that the
modal properties of the model match that of the data. Once the modal properties of the bridge are
validated and a system identification model is selected that fits the data, the parametric bootstrap
technique is used to generate statistical properties of the modes, including their confidence
intervals.
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Concrete Bridge, Sensor Networks

INTRODUCTION
With the advances in sensing technology for structural monitoring applications, the processing
techniques are increasingly critical in intelligent interpretation of measured data. Detecting a
change in the properties of a structure is often contingent on establishing baselines for structural
parameters, and comparing new estimates of the same parameters with the baselines. This
comparison is most efficient when statistical techniques are used to evaluate the magnitude of the
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change and provide probabilistic measures for the certainty of the conclusions. In this paper, the
parametric bootstrap method is used to process the acceleration response of a scaled test of a
reinforced concrete bridge, which is subjected to ambient and earthquake excitations of variable
intensities. A finite element model of the bridge is created and calibrated to validate the
consistency of the data. This is an important component in integration of the mathematical
models with intelligent sensor networks because the interaction of the two can improve the
efficiency of the system. Then the parametric bootstrap method is used to establish confidence
intervals for the baseline parameters from limited baseline data [Efron, 1987; Hall, 1988]. The
parameters include natural vibration frequencies, damping ratios, and mode shapes of the twospan bridge deck in the transverse direction. The significance of the parametric bootstrap is that
it provides statistical measures when the data is less than abundant to establish such measures
with basic statistical techniques.
This paper is organized in three sections. First, the parametric bootstrap technique is explained.
Next, the test setup of a scaled reinforced concrete bridge and finite element model is described,
modal properties of the specimen are presented, and the finite element model is calibrated to the
data. Finally, using the bootstrap technique the statistical properties of the estimated modal
parameters, including their confidence intervals, are established.

PARAMETRIC BOOTSTRAP TECHNIQUE
Parametric bootstrap is a technique to combine measured sensor data with random simulation to
generate desired statistics for the estimated parameters [Efron, 1979; Zoubir and Iskander, 2007].
Consider the following model for a physical system
y = G (x, A) + ε,

θ = f ( A)
where x and y are the system inputs and outputs, respectively, ε is the noise, G (.) is the
parametric model of the system, A is the direct parameter set to describe the model, and θ is the
monitored set of parameters. Using a measured data set x̂ and ŷ , the least square model
ˆ ) . The estimated modal
parameters Â are estimated by minimizing the norm yˆ − G (xˆ , A

parameters Â are used to generate monitored parameters θ̂ , and the predicted noise is computed
ˆ ).
as the difference between observed and predicted outputs, εˆ = yˆ − G (xˆ , A
Parametric bootstrap includes the following steps:
1. A new set of bootstrap model error, ~ε , is constructed by redrawing, with replacement,
random samples from the predicted noise, ε̂ .
2. An independent random sample is drawn from the observed input data, x̂ , to construct
the bootstrap input ~
x.
3. The bootstrap model error and bootstrap input are used to simulate a bootstrap output set,
~
ˆ ) + ~ε .
y = G (~
x, A
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~
4. Bootstrap input and output are used to estimate model parameters A and monitored
~
parameters θ .
5. Steps 1 to 4 are repeated to generate multiple bootstrap realizations of the monitored
~
parameters, θ , and populate a bootstrap sample set that is used to construct the bootstrap
~
confidence intervals for θ . The desired population of this sample set is between 25 to
200 samples [Efron and Tibshirani, 1993].
The parametric model used in this paper to identify the dynamic modes is an autoregressive with
exogenous (ARX) model [Ljung, 1987]. This model is mathematically described by
M

M

i =0

i =1

[

]

T
∑ Ai y (n − i) = ∑ Bi x(n − i) + ε(n) . In this equation, x(n) = x1 (n) x2 (n) L x p (n) and

[

y (n) = y1 (n)

]

y2 (n) L yq (n) T are p- and q-dimensional input and output vectors, M is the

order of the model, and A i and Bi are q × q and q × p matrices of auto-regressive (AR) and
exogenous (X) coefficients. The modal parameters of the system are computed by the eigenvalue
decomposition of the corresponding system matrix of the AR polynomial [Ljung and Soderstrom,
1983; Pakzad et al., 2008].

SCALED REINFORCED CONCRETE BRIDGE TEST
Test Setup
Shaking table tests of a 1/4-scale, reinforced concrete bridge with two spans supported by twocolumn bents were performed at the University of Nevada, Reno. The purpose of these tests was
to gain insight into the system behavior of the superstructure and substructure of the bridge
system during earthquake excitation. The specimen design, instrumentation, test protocol, and
bridge response are described by Johnson, et al. [2008].

FIGURE 1 - SHAKE TABLE TEST SETUP FOR THE TWO-SPAN BRIDGE [JOHNSON, ET AL., 2008]
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A schematic of the test setup is shown in Figure 1. Column heights are 6 ft, 8 ft, and 5 ft for
bents 1, 2, and 3, respectively, and the span lengths are 30 ft. The column design complies with
guidelines developed through the National Cooperative Highway Research Program Project 1249 [ATC/MCEER, 2003] and includes reinforcement ratios equal to 1.56% and 0.9% in the
longitudinal and transverse directions, respectively. Additional mass is added to the bridge to
give axial loads of nearly 0.08fcAg in all columns. The bridge deck has a cross section 90 in.
wide and 14 in. deep and is post-tensioned in both the longitudinal and transverse directions. A
series of 23 ground motions were applied in the transverse direction including 14 low-level tests
prior to yielding and 9 high-level tests of increasing amplitude up to a PGA exceeding 2.0 g. At
drift ratios approaching 8%, substantial damage was observed in the reinforced concrete columns
including buckling of longitudinal bars and fracture of transverse reinforcement. White-noise
tests were conducted throughout the test protocol to monitor the progression of damage. The
bridge was instrumented with accelerometers at each of the tables as well as at the locations
along the deck shown in Figure 2.

AT1

AT2

Bent 1

AT3

Bent 2

AT4

AT5

Bent 3

FIGURE 2 - LOCATION OF DECK ACCELEROMETERS CONSIDERED IN THE SYSTEM IDENTIFICATION PROCEDURE

Modal Identification using ARX Model
The modal properties of the bridge specimen are estimated by the ARX method using the first
white noise test data set (WN0001) prior to application of any strong motion. The first three
transverse modes are shown in Figure 3. The first and second modes include translation with
little bending of the deck. The deformations associated with these two modes are mainly due to
the lateral flexibility of the bridge piers. The third mode is a bending mode with two modal
nodes. The estimated frequencies and damping ratios are also included in Figure 3. The
estimated damping ratios are consistent with the expected damping of reinforced concrete
structures.
Finite Element Model of the Bridge
To validate the identified frequencies and mode shapes, a finite element model of the bridge was
developed using OpenSees [McKenna, et al., 2000]. Nonlinear dynamic analyses using this
modeling approach were performed in an earlier study to validate the simulations against the
measured local and global response of the bridge [Dryden and Fenves, 2008]. The bridge deck
and cap beams were modeled using elastic beam-column elements. The reinforced concrete
columns were modeled using beamWithHinges elements with fixed-plastic hinge lengths at the
column ends and an integration rule for the force formulation developed by Scott [2006]. Plastic
hinge lengths were selected according to the relationship given by Priestley [1996]. The model
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is calibrated with the fminsearch optimization procedure in Matlab, which utilizes the downhill
simplex method, to minimize the l2 norm of the error between the fundamental frequency
associated with the simulation model and that determined by the system identification procedure.
The parameter set considered in the optimization consists of the effective flexural stiffness for
the elastic interior of the column elements. An optimal solution is found for an effective flexural
stiffness equal to 24% of the gross flexural stiffness. The frequencies and mode shapes from the
calibrated simulation model are in agreement with those determined from system identification
as shown in Figure 3.

FIGURE 3 - IDENTIFIED TRANSVERSE MODES USING THE FIRST WHITE NOISE TEST (WN0001) VERSUS THE
CALIBRATED FINITE ELEMENT MODEL

CONFIDENCE INTERVALS OF THE MODES WITH BOOTSTRAPS
In this section the bootstrap technique is applied to the data set from WN0001 white noise test
and the confidence intervals for the first three transverse modes are estimated. Bootstrap
techniques require independence condition for the model error, such that when the bootstrap
errors are re-sampled from the prediction errors, the probabilistic characteristic of them will be
the same. The prediction error for the ARX model is estimated as the difference of actual and
predicted outputs. An example of the measured accelerations and the corresponding prediction
errors for the test specimen using the ARX model is plotted in Figure 4. The prediction error
sample is significantly smaller than the output signal (the peak amplitude of the prediction error
is about 20 times smaller than that of the output signal at that location) and appears to be
independent. A normal probability plot of the prediction errors (not presented in this paper)
further demonstrates that the prediction errors have normal distribution, which is not a necessary
condition for bootstrap, but validates the requirement of the ARX model.
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The bootstrap technique is then applied to the observed data from the WN0001 test and its
corresponding ARX model, and 300 bootstrap data sets are redrawn. Modal properties of the
bridge are estimated using each bootstrap data set and the results are presented in Figures 5 to 7
for frequencies, damping ratios and mode shapes. Figure 5 shows the first three identified
frequencies in transverse direction. The 95% confidence intervals for each frequency are also
shown in the figure. These lower and upper bounds of the confidence intervals are estimated by
choosing the 2.5-percentile and 97.5-percentile of each bootstrap parameter set, i.e., for a sample
population of 300, there are seven samples lower than the lower confidence bound and seven
samples greater than the upper confidence bound. The mean value for the first mode frequency is
3.197 Hz, slightly higher than the identified frequency using only one set of the measured data.
The means of the second and third mode frequencies are 4.217 Hz and 12.920 Hz, respectively,
which are both very close to the values estimated by the measured data. The confidence intervals
for all three frequencies are tight, ranging from 1.63% of the mean for the first mode, to 2.07%
and 1.46% of the means for the second and third mode frequencies.

FIGURE 4 - THE TIME HISTORY OF MEASURED ACCELERATIONS AND PREDICTION ERRORS FOR THE ACCELEROMETER
LOCATED AT BENT 1 (AT1) DURING WN0001 TEST

This process is repeated for the modal damping ratios and the results are presented in Figure 6.
For the damping ratios, the mean values of the bootstrap samples for the first three transverse
modes are 1.74%, 2.69% and 2.0%, respectively. The confidence intervals for the damping ratios
relative to their mean values are longer than those for the frequencies (90%, 75% and 76% of
their respective mean values), indicating a much higher degree of variability in their estimation
and greater sensitivity to the model error.
For the mode shapes, the bootstrap values for each ordinate of each mode and their 95%
confidence intervals are presented in Figure 7. Note that in these figures, 300 samples are
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clustered together for each ordinate, so it is difficult to visually distinguish each sample from the
others in the plot. Overall, the confidence intervals for the first mode shape are smallest, and the
third mode shape the largest, but the shapes of the modes are consistent and the intervals are
tight.

FIGURE 5 - BOOTSTRAP TRANSVERSE FREQUENCIES AND THEIR 95% CONFIDENCE INTERVALS

FIGURE 6 - BOOTSTRAP TRANSVERSE MODES DAMPING RATIOS AND THEIR 95% CONFIDENCE INTERVALS
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FIGURE 7 - BOOTSTRAP TRANSVERSE MODE SHAPES AND THEIR 95% CONFIDENCE INTERVALS

CONCLUSION
Acceleration data from a sensor network from a scaled laboratory test of a reinforced concrete
bridge is used to demonstrate the effectiveness of two critical issues in structural monitoring.
The ARX method is used to identify modal properties of the bridge. An OpenSees finite
element model of the bridge is calibrated such that the fundamental frequency of the
simulation model matches that identified from the measured data. The optimal solution
obtained from the calibration procedure also exhibits excellent agreement with the first
three frequencies and mode shapes determined from system identification.
The parametric bootstrap method is applied to the data and the corresponding ARX
model and statistical characteristics of the modal properties of the bridge are estimated.
The results, based on 300 bootstrap samples, are consistent with the identified modal
properties of the structure, and provide additional information that forms a comparison
basis for the parameters. The estimated confidence intervals for the first three natural
frequencies are small compared with their means. The damping ratios are more sensitive
with respect to the model error and show larger variability. The confidence intervals for
the mode shapes are consistently small and provide an effective basis to identify changes
in the modal properties of the bridge.
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