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Abstract: Many current damage detection techniques
rely on the skill and experience of a trained inspector
and also require a priori knowledge about the struc-
ture’s properties. However, this study presents adapta-
tion of several change point analysis techniques for their
performance in civil engineering damage detection. Lit-
erature shows different statistical approaches which are
developed for detection of changes in observations for
different applications including structural damage detec-
tion. However, despite their importance in damage de-
tection, control charts and statistical frameworks are not
properly utilized in this area. On the other hand, most
of the existing change point analysis techniques were
originally developed for applications in the stock mar-
ket or industrial engineering processes; utilizing them in
structural damage detection needs adjustments and ver-
ification. Therefore, in this article several change point
detection methods are evaluated and adjusted for a dam-
age detection scheme. The effectiveness of features from
a statistics based local damage detection algorithm called
Influenced Coefficient Based Damage Detection Algo-
rithm (IDDA) is expanded for a more complex structural
system. The statistics used in this study include the uni-
variate Cumulative Sum, Exponentially Weighted Mov-
ing Average (EWMA), Mean Square Error (MSE), and
multivariate Mahalanobis distances, and Fisher Crite-
rion. They are used to make control charts that detect
and localize the damage by correlating locations of a sen-
sor network with the damage features. A Modified MSE
statistic, called ModMSE statistic, is introduced to re-
move the sensitivity of the MSE statistic to the variance of
a data set. The effectiveness of each statistic is analyzed.

1 INTRODUCTION

Structural health monitoring (SHM) research has be-
come a vital tool in maintaining the integrity of struc-
tures that has been refined over the years. Damage
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detection is a fundamental element of SHM practice
and is one of the most challenging research tasks for the
civil engineering community. Literature shows numer-
ous techniques for damage detection such as those in
Khelifa and Guessasma (2013), O’Byrne et al. (2013),
Osornio-Rios et al. (2012), which are classified in dif-
ferent ways. Some are traditional approaches such as
nondestructive evaluation (NDE) techniques. Many of
these rely on the skill and experience of a trained in-
spector and also require a priori knowledge about the
structure’s properties; on the other hand, some are
data-driven techniques which rely on measurement and
monitoring and can be classified into model-based and
model-free methods (Dorvash et al., 2013). A class of
data-driven approaches uses modal parameter identifi-
cation with data in time and frequency domain (Yao and
Pakzad, 2013) in which modal frequencies, mode shapes
(West, 1984) or mode shape curvatures (Pandey and
Biswas, 1995) are chosen as damage sensitive features
(Doebling et al., 1998). Derivation of some of these
parameters can be found in Sirca and Adeli (2012).
Additionally, a review of these methods can be found
in Salawu (1997) and Cruz and Salgado (2009). How-
ever, methods like these are only proper for detection
of global damages in the structure and are generally
unable to detect local damage (Alvandi and Cremona,
2006). These features are not sensitive enough to the
changes in local elements of the structure hence they
require high signal-to-noise ratio of the measurement
data as well as moderate damage levels (Farrar et al.,
1994).

As an answer to the shortcomings of these damage
detection techniques, model-free approaches can be uti-
lized. Xu and Humar (2006), Philips and Wu (2011),
Talebinejad et al. (2011), and Fugate et al. (2001) have
used such vibration techniques. These techniques can be
utilized through the implementation of localized sensor
networks as used in Hu et al. (2013), Nishikawa et al.
(2012), Luo et al. (2013), Glisic et al. (2013), and Walsh
et al. (2013).
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By utilizing different types of dense sensor networks,
such as in Hampshire and Adeli (2000), output only al-
gorithms can be developed in which there is no need
for a priori knowledge of the structure’s properties or
suspected location of damage. Although these localized
model-free approaches are easy to implement and effec-
tive in reflecting the changes in the structure’s behavior,
they are dependent on statistical analysis to determine
the significance of the changes in the data. One type
of statistical approach is the use of Bayesian probabil-
ity frameworks such as that used by Yin et al. (2012).
Umesha et al. (2009), Xiang (2012), Adeli and Jiang
(2009), Jiang and Adeli (2007), Park et al. (2007), Jiang
and Adeli (2008a), and Jiang and Adeli (2008b) use an-
other type of framework creating a wavelet transfor-
mation. Yet another type of statistical approach is the
use of control charts in which thresholds are used to
distinguish between assignable and common changes in
the data. This type of statistical approach is used in the
scope of this article.

The contribution of this article is in establishing and
comparing the effectiveness of five different control
statistics in detecting damage for the application of
SHM. Performance of different control statistics are
evaluated through implementation on data obtained
from laboratory frame model. Moreover, a modified
Mean Square Error (MSE) statistic is introduced to
eliminate the effects of variation within data sets. The
performance of the developed statistic is also studied
through the experiment discussed in this article. The ar-
ticle is organized as follows: Section 2 presents an in-
troduction to change point detection in which the rel-
evant literature is reviewed. Bootstrapping and its ap-
plications are presented along with a review of the five
statistical change point analysis methods evaluated in
this study. This section is followed by an introduction
to the utilized damage indicators in Section 3. Section 4
introduces the test specimen and adapts the damage in-
dicators for this specific structure. Results are shown in
Section 5, along with the discussion and verification for
using the modified MSE statistic. Conclusions will in-
clude a comparison of each statistic’s performance and
poses questions for future work to increase the accuracy
of damage localization in Section 6.

2 AN INTRODUCTION TO CHANGE POINT
ANALYSIS STATISTICS

Control statistics can be used to monitor a change in a
process. However, there are two causes of variation that
could occur in a process: common causes and assignable
causes. For instance, in civil engineering, a structure’s
properties could have changed slightly with the pas-

sage of time (common causes) and is not damaged, or a
structure could be damaged during an event (assignable
cause). To distinguish between the two, control charts
can be used to provide boundary limits for a change in
a process. Once the boundary is crossed, the change in
the process can be denoted as out of control from an
assignable cause and, in the case of civil engineering, a
structure can be deemed damaged.

Literature presents several different types of con-
trol statistics that can be used for change point de-
tection in different processes. As an early effort in
this area, the standard univariate Shewhart X̄ control
chart was introduced in 1924 by Walter Shewhart. Since
then, control schemes have found widespread applica-
tion in different disciplines including civil engineering.
For example Sohn et al. (2000) applied Shewhart con-
trol charts to successfully detect the irregularities asso-
ciated with damaged structures. Other control statistics
have since been introduced. For instance, the Cumula-
tive Sum (CUSUM) indicator, a statistical method that
can be performed on different types of data, was used
by Taylor (2011) and advanced by Hawkins (1981). An-
other control statistic first introduced by Roberts (1959)
is called the Exponentially Weighted Moving Average
(EWMA). Lucas and Saccuci (1990) as well as Macgre-
gor and Harris (1990) have used this statistic.

Challenges in univariate quality control occur when
one observes a set of quality characteristics that have
components with the potential to be interrelated. One
major flaw in using the mentioned univariate control
statistics is that they can only monitor one variable at
a time. It is common in civil engineering that more than
one variable would need to be examined. Although it
could be argued that univariate control charts could be
applied independently to each component of the mul-
tivariate data, misleading results may be obtained in
some cases due to failure to allow for the inherent re-
lationship among the components of the multivariate
data (Zamba and Hawkins, 2006). Therefore, this article
also explores multivariate control statistics. The origi-
nal and best known work in multivariate control charts
are those described in Hotelling (1947), using the T2

statistic. This statistic is a direct multivariate equivalent
to the Shewart X̄ control statistic and is used to create
Mahalanobis distances which extract damage features
by measuring the amount of variation from a reference
condition. Zamba and Hawkins (2006) use these dis-
tances in their work along with Wang and Ong (2008),
Pompe and Feelders (1997), and Gul and Catbas (2009).
To alleviate the need for initiating assumptions, Verdier
and Ferreira (2011) propose another distance that is
nonparametric. This new distance can be applied with-
out the postulation of normal probability distribution.
Mosavi et al. (2011) introduced another statistic, the



418 Nigro, Pakzad & Dorvash

Fisher Criterion, to measure the significance of the mag-
nitude of the Mahalanobis distance.

This study aims to provide a better understanding
of the performance of different change point detec-
tion methods in civil engineering damage detection
through implementation and validation of five different
approaches. The comparison of the CUSUM, MSE, and
EWMA charts is unified by using bootstrapping to cre-
ate the threshold for each method. This way, these com-
mon and widely used statistics can be evaluated under
the same threshold type. Additionally, for multivariate
methods, Mahalanobis distances and Fisher Criterion
damaged detection methods are chosen as a focus be-
cause they use the T2 statistic, the most direct equiva-
lent to the original and trusted univariate statistic, the
X̄ statistic.

2.1 Univariate change point detection approaches and
their enhancements

2.1.1 EWMA. The EWMA statistic (Z) is especially
effective in detecting “small persistent process shifts”
(Steiner, 1999). It is an exponentially weighted aver-
age of all previous observations in a vector of length n
shown in Equation (1):

Zi = λYi+1 + (1 − λ)Zi−1 0 < λ < 1 (1)

where Yi are components of the data set and typical val-
ues of λ are between 0.05 and 0.25 for quality monitor-
ing techniques. It should be noted that Z0 = λY1 and
i continues until n – 1. The control limits that are pre-
derived for this statistic from Lucas and Saccuci (1990)
are based on the asymptotic standard deviation of the
control statistics and defined as three standard devia-
tions away from the mean of the statistic. This value of
three correlates to the point in a standard normal dis-
tribution plot (of mean zero and standard deviation of
one) in which 99.7% of the area under the curve is in-
cluded. It will be shown in Section 5.1 that this control
limit does not suit all data. Therefore, bootstrapping will
be used for comparison of the EWMA statistic with the
rest of the control statistics discussed.

2.1.2 CUSUM. The CUSUM statistic is one approach
which is commonly used for detecting change points
in data sets. It is a very flexible method which can be
applied to different types of data (Lucas and Saccuci,
1990). The cumulative sums S0, S1, S2 . . . Sn can be cal-
culated by the following equations where X1, X2 . . . Xn

are the components of the data set (Taylor, 2011).

S0 = 0 (2)

Si = Si−1 + (Xi − Xi ) (3)

where, X̄1 is the mean of all the known in control data.
Shown in Equation (3), the cumulative sums are not
simply sums, but the sums of the differences between
the values of data and the average of the data. In a dam-
age detection scheme, a drastic change in the slope, or
inflection point, indicates a possible damaged state of
the structure. In the case where two segments of data
are considered from a pre- and post damaging event,
there should only be one change point in the data: when
the data switches from an undamaged set to a damaged
set. This change point would occur where the magnitude
of the CUSUM chart was furthest away from zero and
is called the CUSUM Indicator. This indicator can then
be investigated by comparing it to threshold conditions
to verify the state of the structure.

2.1.3 MSE Indicator. The MSE Indicator is calculated
from a scheme that splits the data into two segments,
from 1 to m and m + 1 to n (1 ≤ m ≤ n – 1). The data
is then analyzed to see how well it fits the two estimated
averages of those segments (Taylor, 2011). The point af-
ter the value that minimizes MSE indicates a possible
change point in the data. MSE can be defined as

MSE m =
m∑

i=1

(Xi − X1)2 +
n∑

i=m=1

(Xi − X2)2 (4)

X1 =
∑m

i=1 Xi m

m
and X2 =

∑n
i=m+1 Xi

n − m
(5)

where Xi is a member of the data set and X1 and X2 are
the means of the two segments of the data. The MSE
is dependent on the variability within the data. Conse-
quently, the statistic must be modified to expunge the
variance between the two data segments produced while
still maintaining their independent means. Therefore, a
new statistic, Modified MSE (ModMSE) is introduced
as

ModMSE (m) =
m∑

i=2

(
Xi − X1

std(Xk|k=2...i )

)2

+
n∑

i=m+1

(
Xi − X2

std(Xk|k=m+1...i )

)2

(6)

where variables are defined the same as in Equation (5);
however, the value is normalized by the variance (i.e.,
std [Xk]2) of the two independent vectors. Results for
the verification of this statistic are shown in Section 5.3.
It is noted the statistic starts at the second value in the
vector to avoid using the standard deviation of a single
number which would produce numerical instability.

2.1.4 Bootstrapping for threshold construction. Boot-
strapping is used to create a threshold for the three



Damage detection with change point analysis 419

univariate control statistics discussed above. It creates
multiple iterations of new data generated by randomly
resampling the original data with replacement. Because
these new data vectors are randomly sampled, the prop-
erties of the statistic they create will have similar prop-
erties to an undamaged data set and therefore can be
used as a basis for comparison. Once a statistic crosses
the threshold bounds produced by the bootstrap, the
change in the data can be deemed from an assignable
cause and the properties of the system have changed sig-
nificantly to become out of control. In damage detection
schemes, this means damage has occurred.

A bootstrap is only as good as its confidence level de-
fined in Equation (7):

X

N
= # of Ranges for Sdiffzero < Sdiff

# of total Bootstrap samples performed
(7)

In this equation Sdiffzero is the difference between the
maximum and minimum value of each bootstrapped
data set, Sdiff is the range of the original data, N is
the number of bootstrap samples performed, and X the
number of bootstraps for which Sdiffzero was less than the
original Sdiff of the data.

2.2 Multivariate change point detection approaches

2.2.1 Mahalanobis distance using the T2 statistic. When
significant changes in more than one variable are to
be identified, multivariable models are applicable. As
a measure for quantification of changes, assume that
there is a matrix of damage indices associated with a
certain condition and a certain location on the struc-
ture. The Mahalanobis distance gives the distance be-
tween selected damage features corresponding to a con-
dition of interest and those corresponding to a refer-
ence condition. The Mahalanobis distance Dm(x) can
be computed by using Equation (8) from Mosavi et al.
(2011)

Dm(x) =
√

(x − μ)T S−1(x − μ) (8)

where μ is the mean of the damage feature x, and S is
the covariance. In detection schemes, a larger Maha-
lanobis distance indicates that the location is closer to
damage.

2.2.2 Fisher Criterion. Although a Mahalanobis dis-
tance, Dm(x), reflects the changes in a set of damage
indices, a criterion is needed to statistically investigate
the significance of this change. To address this need, the
Fisher Criterion can be utilized (Mosavi et al., 2011).
The Fisher Criterion measures the actual deviation of
Mahalanobis distance under the damage condition of
interest versus those for the healthy condition. This cri-

terion, f, can be obtained using Equation (9)

f = (mD − mH)2

σ 2
D + σ 2

H

(9)

where mD and mH correspond to the mean values of the
Mahalanobis distances for healthy and damaged condi-
tions, and σ D and σ H represent the standard deviations
of those vectors, respectively. The larger the statistic,
the more likely the process is out of control. A threshold
value of T = μ + 1.96σ is used. Here, μ and σ are the
mean value and standard deviation of the Fisher Crite-
rion statistic from all of the locations on the structure.
This threshold is chosen because 97.5% of the area un-
der a normal curve lies within 1.96 standard deviations
of the mean (Mosavi et al., 2011).

3 LOCALIZED DAMAGE DETECTION METHOD

The damage features studied in this article are linear
regression coefficients produced by an algorithm called
Influenced Coefficient Based Damage Detection Algo-
rithm (IDDA) developed and tested in Dorvash et al.
(2010, 2013) on a prototype lab specimen. The key to
structural damage diagnosis is to extract features of the
structural response that present a unique pattern to the
state of the structure using a single or limited number of
input/output signals (Qiao et al., 2012). In this algorithm
the response of the structure is monitored at various lo-
cations and coefficients of correlations between differ-
ent responses are extracted. When the damage occurs,
the relationship between responses changes, which will
be reflected in the influence coefficients and indicate the
existence of damage. Additionally, the location of dam-
age can be identified by considering the location of the
sensors associated with the changing coefficients. The
mathematical model which represents the physical sys-
tem for this damage detection algorithm is briefly pre-
sented in this section.

The relationship between responses at different loca-
tions of a structure can be established using an Auto Re-
gressive with Exogenous term (ARX) model as follows:

P∑
p=0

ap y(n − p) =
Q∑

q=1

bq x(n − q) + ε(n) (10)

Here y and x are the outputs of a structure’s response to
excitation, ap and bq’s are ARX coefficients, ε(n) repre-
sents the residuals, n is the time index, and P and Q are
orders of the autoregressive and exogenous parts of the
ARX model, respectively. Based on this mathematical
representation, the response at different time steps can
be estimated having the past and current outputs. These
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damage features are similar to those found in literature.
Sohn et al. (2001) and Yao and Pakzad (2010) also use a
similar Auto Regressive (AR) and ARX model for fea-
ture extraction and pattern recognition. Similarly, Qioa
and Esmaeily (2011) use an ARX regression model for
time-history damage features. This model will be used
in the multivariate schemes in this article. The accuracy
of this model is dependent on the selected model or-
ders. Although higher model orders, in general, deliver
more details of the system and reduce the estimation
bias, it is always desired to keep the order at the min-
imum level to avoid over-parameterization. The model
order is chosen using the Akaike Information Criterion
explained in Section 4.3.

A special case for the assumed linear system is devel-
oped by assuming P and Q equal to zero:

y j = αyi + β + ε (11)

which correlates the response at node j to current re-
sponse at node i. Because the effects of previous time
steps are removed from the equation, the intercept (β)
is added into Equation (11) to account for the initial
conditions. This model, in which a single parameter, α,
represents the damage index, is utilized to derive uni-
variate influence coefficients used in the univariate con-
trol schemes.

4 TEST SETUP AND IMPLEMENTATION OF
IDDA

4.1 Test specimen

A two-bay, steel tube frame testbed was constructed
at the laboratory of Advanced Technology for Large
Structural Systems (ATLSS) at Lehigh University for
the implementation of the damage detection algorithm
and the verification of the performance of different
change point detection methods, as shown in Figure 1.
To simulate damage, there are nine sections that can be
changed throughout the frame.

These interchangeable sections are 0.19 m long
and have different cross-sectional properties than the
healthy state (shown in Table 1) which correspond to
a 20% reduction in member moment of inertia (only
for the length of the interchangeable piece). It is im-
portant to note that these property changes only corre-
spond to less than a 0.5% decrease in the overall lateral
stiffness of the frame when one piece is replaced at a
time (the global lateral stiffness of the frame reduces by
up to this amount due to simulated damage at different
locations). This change in stiffness may be insignificant
on the global scale but may have a larger impact on the
response of the structure locally. A small change in stiff-

Fig. 1. Experimental structure. Also shown, an
interchangeable piece.

ness can be from a small crack, corrosion, or any other
damage mode representing a loss in cross-sectional area
resulting in the loss of stiffness. Damage has been con-
sidered as such stiffness reduction in Farrar et al. (1999)
and Nichols et al. (2003).

To collect data, 21 wired accelerometers, labeled R,
C, and L for the right, center, and left joint of the
frame, were spaced evenly throughout the two-span
frame as shown in Figure 2. Location of sensors are se-
lected such that main connections of the frame are sur-
rounded by clusters of sensors capturing their behav-
ior (further studies are required to determine the opti-
mized location of sensors to efficiently detect the onset
of change in the behavior of the structure). The rela-
tively dense arrangement of sensors is deemed practical
in real-world implementations, considering the recent
technological advancements which have resulted in de-
velopment of affordable sensing systems (e.g., wireless
sensor networks).

During testing, there were 20 runs taken from the un-
damaged state of the frame which serve as a baseline
for comparison. In determining the number of test runs,
there needed to be enough tests before the occurrence
of damage to have a foundation for assessment. Accord-
ing to Tague (2004), only when there are at least 20 se-
quential points from a period when the process is in con-
trol, is the basis for comparison complete.

The damage case for this implementation consists of
switching out the interchangeable section correspond-
ing to the location of sensor R5. Switching out one in-
terchangeable piece is the smallest amount of damage
that can be simulated using this experimental structure.
Therefore, the localization of damage of the different
change point methods can be accurately assessed. The
robustness of the algorithm can be tested as well to see
how sensitive it is to such a small change. After this sec-
tion was replaced with its damaged counterpart, an ad-
ditional 20 tests were run. These tests will serve as the
unknown state of the structure after a damaging event.
For each run, the sampling rate was 500 Hz and 10,000
samples were recorded in a 20-second duration. Based
on Finite Element analysis, the first three frequencies
of the frame are 13.66, 21.95, and 31.58 Hz. These
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Table 1
Geometry of baseline and interchangeable sections

Feature Baseline sections Interchangeable “damaged” sections

Outer dimension of hollow cross-section 0.05 m 0.05 m
Tube thickness 2.16 mm 1.65 mm
Cross-sectional area 410.57 mm2 324.57 mm2

Moment of inertia 162,526 mm4 130,811 mm4

Fig. 2. Sketch of the specimen and the location of the introduced damage.

frequencies are much lower than the sampling rate as
not to cause aliasing in the data. Because the data used
in this study was collected from the real testbed struc-
ture, it already contains measurement noise as opposed
to the simulation results in which artificial simulated
noise is often added to the signal. Note that the effect
of higher noise levels in the measurement on the perfor-
mance of IDDA is studied previously and can be found
in Dorvash et al. (2013). Results from these tests are
shown in Section 5.

4.2 Loading scenarios for implementation of damage
detection algorithm

A realistic scenario for implementation of the damage
detection algorithm on real-life structures is to collect
the ambient response of the structure before and after
damage. The algorithm introduced is only suitable for a
linear damage defined by Doebling et al. (1998) as “the
case when the initially linear–elastic structure remains
linear–elastic after damage.” Thus, it is acceptable to
assume that the behavior of the structure is within the
linear elastic range in which small angle theory applies
(Dorvash et al., 2013). Hence, in this implementation of
the damage detection algorithm on the laboratory spec-
imen, the excitation amplitude of the laboratory speci-
men was limited not to contradict this assumption.

Additionally, to consider the dynamic effects in the
frame response two removable lumped masses (lifting

weights) are attached to the frame at the middle of the
spans. The weights are selected in the possible range of
live loads to which such a frame would be subjected.

It should be noted that the addition of the mass to the
frame is limited to the tests where multivariate methods
are applied. This is because a univariate method is not
proper for modeling the system with dynamic effects.
Pakzad (2008) and Chang (2010) have presented simu-
lated examples that support this assumption reasoning
that if the stiffness of a structure is much larger than the
mass, then the influence of the mass term becomes neg-
ligible and the dynamic equation of motion can be re-
duced to a static one. This is only valid, however, within
a local joint where nodes are close to each other. There-
fore, this article only creates damage features for nodes
that are within the same local joint of the experimental
structure.

To take the dynamic effects into consideration, im-
pact load is chosen as a means of excitation. Thus, the
excitation does not have frequency content of any par-
ticular range. It should be noted that other forms of ex-
citation can be used with this algorithm. This is shown
in Dorvash et al. (2010) in which simulations are used
to prove that theoretically, in a stiff system with small
mass, IDDA should detect damage regardless of exci-
tation type. To apply impact load, the frame is tapped
with a light hammer on the beam–column connection
at the right side of the frame. The time history raw
data of sensor L4 before and after damage is shown in
Figure 3.
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Fig. 3. Sample time history data from sensor L4 (a) before
and (b) after the damaging event.

4.3 Implementation of the damage detection on the
test frame

4.3.1 Univariate regression. Univariate regression,
based on Equation (11) is used to find the influence
coefficients α. To verify the accuracy of the estimated
coefficient, Evaluation Accuracy (EA) and Estimation
Error (γ ) parameters are used. These parameters
ensure that the influence coefficients are correctly
reflecting the properties of the frame.

EAij is defined as the product of influence coefficients
αij and αji as

EAij = αijα j i (12)

A value for their product close to unity signifies a
strong accuracy of estimation and a product of less than
unity corresponds to progressively higher values of the
noise and nonlinear behavior of the physical structure.
The normalized estimation error, γ ij, can be calculated
by

γij = σαij

αij
(13)

As noted above, αij is the influence coefficient be-
tween nodes i and j, and is the standard error of the in-
fluence coefficient estimates. Note that, σ aij is estimated
by Equation (14)

σαij = σe

(
∑

y2
i )1/2

(14)

Here, σ e is the standard error of the estimation resid-
uals (i.e., the standard deviation of the vector obtained
by subtraction of the estimated response from the true
response) and yi is the response at node i which is re-
gressed with respect to the response at node j (yj). Con-
sidering that the response has a zero mean, the denom-

Fig. 4. Results for the coefficient values, accuracy and error
parameters for (a) coefficient α56-L and (b) coefficient α56-R.

inator of Equation (14) is simply the standard devia-
tion of the response at node i. This equation is utilized
to show that a low standard deviation of the influence
coefficients, which corresponds to a more accurate esti-
mate, produces a low estimation error. Hence, the closer
the γ ij is to zero, the less error is associated with the
estimated damage indicator αij. Figures 4a and b show
typical univariate linear regression coefficients and their
corresponding Evaluation Accuracy and Estimation Er-
ror parameters for the influence coefficient αij in Equa-
tion (11), for locations 5 and 6, namely α56, for both, the
left side (shortened to α56-L) and the right side (α56-R)
of the frame. This coefficient will be used as an exam-
ple plot for all three univaraite control statistics being
investigated.

It is crucial to use a damage feature that changes with
the properties of the structure. Even though the tim-
ing of damage would be unknown, a comparison be-
tween the undamaged and damaged features was gen-
erated to evaluate the effectiveness of these damage
features. If no difference is found between a location
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near and far from damage, these features would be
deemed less effective in identifying the location of dam-
age. The first graph in each plot in Figure 4 shows
the magnitude of the coefficient for all 40 runs. For
the left side coefficient, α56-L shown in Figure 4a, the
mean of the first 20 (undamaged) runs is different from
that of the last 20 (damaged) runs by 1.25%. On the
right side (α56-R), however, this variation increases to
5.50% as shown in Figure 4b. This indicates that the
right side properties of the frame have changed more
than the left side. In using a control chart, the timing
and location of the damage should be indicated because
these parameters are previously unknown in real dam-
age detection scenarios. Note that the accuracy param-
eter does not deviate far from one on both of these
graphs which indicates that these parameters should not
be disregarded as false alarms. Additionally, the Esti-
mation Error can be used to further justify these coeffi-
cients as correct representations of the properties of the
frame.

4.3.2 Multivariate model. This section presents the ap-
plication of multivariate damage feature techniques for
deployment of higher order models. To use the Ma-
halanobis distance and the Fisher Criterion to detect
changes in the state of the structure, a multivariate au-
toregressive model is utilized.

An important aspect of ARX modeling is choosing
the model order that well suits the data but also does not
cause over-parameterization (Figueiredo et al., 2011).
One way to establish the model order (P and Q in Equa-
tion (10)) is to minimize the Akaike’s Information Cri-
terion (AIC) which is defined as,

AIC (k) = −2 log L
(
θ̂k

) + 2k (15)

In Equation (15), k is the number of parameters in the
statistical model and θ̂k is the maximized value of the
likelihood function. The AIC provides two objectives:
it rewards goodness of fit, but also discourages overfit-
ting so that the model order does not become too large
(Bozdogan, 1987).

The AIC is calculated for the test consisting of impact
excitation to the frame with added mass. The AIC indi-
cator has its lowest value for model order two for most
runs and sensor locations. As a result, the multivariate
change point analysis methods used in this study will set
P and Q in Equation (10) to two for the data collected
from tests with mass added to the system. In a similar
manner, the model order of data without added mass
was found to be four. For simplicity, the order of P and
Q are kept the same.

5 RESULTS AND COMPARISON

Because the damage case being considered is a section
on the right side column, the results for each method
should detect damage at or near this location. Only the
results on the left and right side of the frame are com-
pared and presented for simplification. There are six
sensors on each side of the frame resulting in 30 pairs
of different nodes. First, the statistical methods are ex-
amined to see if they correctly identify occurrence of the
change point at the 21st run, when the damage is intro-
duced. Then, it is further inspected to determine if it can
provide where damage occurred.

5.1 Estimated weighted moving average for univariate
model

The process is considered out of control when the Z
value in Equation (1) falls outside the range of the
control limits. As stated previously, the conventional
threshold from Lucas and Saccucci (1990) is three stan-
dard deviations away from the mean. However, when
this method is implemented, damage was not detected
anywhere on the frame as plots from both the left and
right side of the frame never crossed the boundaries. As
a result, this way of determining thresholds is deemed
insufficient. It is reasonable to decrease the value of L
for it corresponds to a 99.7% confidence, creating a very
large confidence region. However, a bootstrap is used to
compare the effectiveness of some of the EWMA statis-
tic to other univariate methods in this article. The re-
sults of the EWMA bootstrapped plot of α56 are shown
in Figures 5a and b, respectively.

It is important to note that there is a well-defined
change in the EWMA slope for the original data at the
21st run, as soon as the damage cases are included in the
statistic. Once the threshold is crossed, the change can
be considered assignable and it can be concluded that
the frame was damaged near this location. In Figure 5a,
the left side coefficient α56-L does not cross the bounds
created by the bootstrap. This indicates that the frame’s
properties do not change significantly near these sen-
sors. However, in Figure 5b the EWMA for α56-R does
cross the threshold; therefore, the properties of the right
side of the frame near sensor locations R5 and R6 do
change significantly with a 91% confidence level using
Equation (7). These results are consistent with the dam-
age case. Every sensor pairing plot is analyzed in a sim-
ilar fashion and the results confirm that there is dam-
age on the right side column of the frame. Addition-
ally, the EWMA plot crosses the bounds at the 25th run
which is a delayed, but quick detection of a change in
the system. Because the change being detected is a step
change, it may take a few data sets from the damaged
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Fig. 5. Typical plots for the Exponentially Weighted Moving
Average (EWMA) with bootstrapping for the (a) coefficient

α56-L and (b) coefficient α56-R.

structure for it to mark its effect on the statistic. There-
fore, the change is not detected until five damaged runs
are included in the EWMA. Still, it correctly identifies
the correct time and location of damage.

5.2 CUSUM chart for univariate coefficients

The CUSUM plots that were created for the left and
right side of the specimen are shown in Figures 6a and
b, respectively. Both plots exhibit a change in slope at
the 20th run thus indicating a possible change point at
the 21st run. Therefore, the CUSUM correctly identifies
when the change occurred; however, this does not help
differentiate the left side from the right side and thus
does not provide a location of damage.

Because the entire structure’s response is affected by
the damaged section, the left side CUSUM shows a
change in slope as well. However, the change should not
be as significant on the left as on the right side consid-
ering the damage case in question. It is noted that in
Figure 6, the ranges of the CUSUM are a lot smaller
for those sensor locations on the left side of the frame
which would indicate that the properties of the struc-
ture on the right side have changed more compared to

Fig. 6. Cumulative Sum (CUSUM) charts for (a) the left and
(b) right side of the frame. Shows no boundary for detecting

damage, just a possible change point.

the left side. Yet, no conclusion can be made about the
significance of the change.

To create the necessary threshold bound, bootstrap-
ping is used to show if the change of properties on the
right side of the frame is indeed significant. The left side
CUSUM charts should remain within the range of boot-
straps; yet, the CUSUM charts for the right side coeffi-
cients should cross the bounds of the bootstrap as close
to the 21st run as possible at locations near damage. The
α56 bootstrapped plots for α56-L and α56-R are shown in
Figures 7a and b for the left and right sides, respectively.

In Figure 7 the CUSUM chart for coefficient α56-R

crosses the confidence bound produced by the boot-
strap. Using Equation (7), this indicates damage is de-
tected at this sensor pairing with a 98.8% confidence
level. Additionally, this method detects damage at the
21st run, which is a very quick detection scheme. On the
other hand, the bootstrap threshold is not exceeded for
coefficient α56-L, indicating no damage at this location.
Charts are created for all sensor pairings on the frame
and it is very evident that there is a significant change
on the right column of the frame.

It should be noted that those locations closest to dam-
age are also susceptible to change and cross a thresh-
old for an in control process. With the use of a dense
sensor network, these changes can be detected. For
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Fig. 7. Typical plots for the Cumulative Sum (CUSUM) with
bootstrapping for (a) coefficient α56-L and (b)

coefficient α56-R.

example, Figure 8 is a CUSUM with bootstrapping for
the univariate influence coefficient α46 on both the left
and right sides. This coefficient involves the two closest
locations to the actual damage (R4 and R6). It is shown
here that damage is indicated at these locations on the
right side of the frame but not the left.

The results show damage at sensor locations R4 and
R6. These locations are not directly at the damage, but
because of their proximity to sensor R5, they show a
more significant change than others. Conversely, the
left side CUSUM plots have a range very similar to the
bootstraps. Because the bootstraps are supposed to sim-
ulate data that has no damage, the left side of the frame
can be characterized as so. In effect, the CUSUM cor-
rectly identifies the occurrence and location of damage.

5.3 MSE for univariate model

The MSE algorithm separates the coefficients from all
40 runs into two segments and finds the MSE associated

Fig. 8. Typical Cumulative Sum plots for coefficient (a) α56-L

and (b) coefficient α56-R.

to each segment. An example of the results is shown in
Figures 9a and b where the MSE indicator is plotted for
all 30 coefficients on the left and right side of the frame
respectively. The 20th run marks the lowest value for
the MSE implicating the 21st run as the first possible
index of the damaged state.

This is the correct timing of damage; however, this
plot, like the CUSUM chart, does not allow the observer
to detect the location of damage. As a result, a boot-
strap was generated to establish a threshold and the re-
sults are shown in Figures 10a and b for coefficient α56-L

and α56-R, respectively. It is expected, as shown in the
CUSUM and EWMA plots previously, that the α56-R co-
efficient crosses the α56-R bounds near the 21st run and
the α56-L coefficient does not cross at all.

However, the MSE plot of this sensor pairing crosses
the bounds on both plots shown in Figure 10. This im-
plies that both α56-L and α56-R undergo a significant
change in the data and therefore signify a damaged
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Fig. 9. Plots of Mean Square Error (MSE) Indicator for
(a) coefficient α56-L and (b) coefficient α56-R. Similar to the

CUSUM chart, it does not show a location of damage
on its own.

section. Additionally, the MSE plot crosses the bound
around the 13th run which is well before the damage oc-
curs. Hence, both the timing and placement of damage
from these plots are misleading and the statistic must
be changed to detect the correct location and time of
damage. As stated earlier, damage detection using con-
trol charts relies on the change in the mean and constant
variance. Therefore, the ModMSE can be used, shown
in Equation (6), which expunges the variance between
the two segments produced and maintains their inde-
pendent means.

Before a bootstrap is conducted, the difference be-
tween the original MSE and the ModMSE is inspected
using a similar approach to the CUSUM indicator dis-
cussed in Section 2.1. Because the MSE may not start
or end at zero, the ranges of the statistic were recorded
instead of the largest magnitude. On the plots in
Figures 11a and b, the ranges of the MSE and ModMSE,
respectively, are shown for all 60 coefficients. The first

Fig. 10. Typical Mean Square Error (MSE) plots for
(a) coefficient α56-L and (b) coefficient α56-R. The threshold

limit is crossed within the supposed undamaged runs and the
bootstrap does not fit the data.

30 coefficients are from the left side and last 30 coef-
ficients are from the right side. Additionally, a bound-
ary condition of three standard deviations away from
the mean (a normal procedure of a Shewhart control
chart from Lucas and Saccuci, 1990) is used for a simple
comparison.

Figure 11a shows the MSE range plot using the origi-
nal MSE coefficients. This model detects damage at sen-
sor locations R1, R2, R3, and R4 which are located on
the right beam and column close to the joint. Although
these locations are on the right side of the frame, the
actual location of damage, R5, is not included or de-
tected. On the other hand, the normalized MSE statistic,
ModMSE, was then used to create the same plot and the
results are shown in Figure 11b where the damage is cor-
rectly identified. Sensors R3, R4, and R6, along with R5,
show a significant change in properties because of their
proximity to the damage; hence, the ModMSE shows
spikes for the coefficients α54-R, α43-R, α36-R, and α61-R.
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Fig. 11. The magnitudes of the (a) Mean Square Error
(MSE) and (b) ModMSE for all pairs of coefficients.

Additionally, false alarms can be eliminated by using
the Evaluation Accuracy and Estimation Error param-
eters. To rely on influence coefficient changes as indi-
cator of damages, the Evaluation Accuracy should be
close to unity (e.g., greater than 0.95) and the Estima-
tion Error should be close to zero (e.g., less than 0.05).
If these numbers are low and high respectively, the coef-
ficient should be disregarded because it is not correctly
representing the properties of the frame in accordance
with the assumptions made.

As shown in Figure 11b, coefficient α35-L seems to
cross the bounds, signifying a damage location. How-
ever, it is at this point that the accuracy and error pa-
rameters associated with the sensor pairing, shown in
Figure 12, can be used to eliminate it as a false alarm.
The accuracy and error parameters are very high and

Fig. 12. Eliminating false alarms: the accuracy and error
parameters associated with coefficient α35-L can be analyzed

to correct for any false results.

low respectively; hence, this coefficient can be disre-
garded.

Now that the ModMSE has shown the correct loca-
tion of damage in Figure 11, a bootstrap can be gener-
ated to analyze its results to compare it to the EWMA
and CUSUM plots previously discussed. The results of
the bootstrap are shown in Figures 13a and b for the left,
α56-L and right, α56-R coefficient, respectively.

In using the ModMSE, damage is correctly detected
at sensor pairing α56-R because the right side coefficient
crosses the bound at the 21st run (i.e., as soon as the
damage occurs).

Additionally, the left side coefficient α56-L does not
cross the boundary, indicating an undamaged location.
This demonstrates that the ModMSE, like the already
established indicators CUSUM and EWMA, can be
used to correctly find the timing and location of dam-
age.

5.4 Multivariate Mahalanobis distance

Histograms are used as a means to plot the Mahalanobis
distances because coefficients with the largest distance
are those that are closest to a location of damage and
stay furthest from the baseline state. First, Mahalanobis
distances are calculated between coefficients from the
first 10 healthy state runs and the last 10 healthy state
runs. This step creates a baseline distance. Then, the
first 10 healthy runs and the 20 damaged runs are used
to create a distance to compare to the reference. The
distances calculated in the latter coefficients should be
bigger than the baseline condition at areas of damage.
As discussed in Section 4.2, two testing conditions are
used for the multivariate data: a system with added
mass and a system without mass. The two sets of results
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Fig. 13. Modified Mean Square Error (ModMSE) Bootstrap
for (a) coefficient α56-L and (b) coefficient α56-R.

obtained from these two testing conditions are shown in
Figures 14a and b.

To analyze these results, the sensor pairings with the
larger Mahalanobis distances are deemed closer to a
possible damaged location because they deviate more
from the reference condition. Using the impact test data
with added mass, shown in Figure 14a, the Mahalanobis
distances have the greatest magnitude for coefficients
α45-R, α54-R, and α64-R. Overall coefficient α45-R has the
greatest distance and this result properly indicates the
location of damage. Yet, the results from the test data
without mass, in Figure 14b, show to be inconsistent.
Sensors from the left side of the frame, α43-L and α61-L,
as well as sensor pairing α56-R have large Mahalanobis
distances; despite these observations, without a thresh-
old, it cannot be concluded that any location is nec-
essarily undamaged or damaged. Hence, the next sec-
tion introduces the Fisher Criterion to minimize the dis-

Fig. 14. Mahalanobis distance histograms for data (a) with
mass and (b) without mass.

crepancy of damage localization by creating a threshold
boundary.

5.5 Multivariate Fisher Criterion

The Fisher Criterion is used to create the boundary
threshold for the Mahalanobis histogram that is neces-
sary to distinguish the location of damage and the state
of the structure. Figures 15a and b, show the Fisher Cri-
terion for the impact tests with and without added mass,
respectively. This statistic, as explained in Section 2.2,
statistically determines the significance of the deviation
of the larger distances from the baseline.

When the Fisher Criterion is analyzed using the tests
with mass added to the system, the results correctly
point to the location of damage. The coefficients that
cross the threshold indicating damage are at α43-R, α53-R,
and α63-R. Although there is no damage associated with
sensors R4, R6, and R3, these locations are the closest
to sensor R5 where the damage is located. It is reason-
able that the coefficients corresponding to these sensor
pairings also cross a damaged boundary.

Similarly, the Fisher Criterion results for tests with-
out added mass show the correct location of damage
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Fig. 15. Fisher Criterion plots for data (a) with mass and
(b) without mass.

while also eliminating the discrepancies from the
Mahalanobis distance results. The only sensor coeffi-
cients that cross the bounds are α45-R and α54-R cor-
responding to sensor pairings that are located on the
right side column of the frame. Although the histogram
in Figure 14b shows large values for coefficients α43-L

and α61-L for the impact data without added mass, the
Fisher Criterion plot eliminates these as false alarms of
damage detection because these values remain well be-
low the threshold. These results indicate that the Maha-
lanobis distance statistic can be used in conjugation with
the Fisher Criterion to properly indicate the location of
damage. It can be noted that the timing of a possible
damaging event is assumed to be known; the distances
are calculated using the two separate sets of data from
pre and post damaging event.

5.6 Summary of methods

To provide a summary on the characteristics of all the
discussed change point detection methods, Table 2 is
presented which includes all methods, along with a sum-
mary of each.

Table 2
Summary review of change point detection methods

Method Comments

Exponentially Weighted
Moving Average

Simplified threshold of three
standard deviations away from
the mean cannot be used;
however, bootstraps can be used
as a threshold generator

Cumulative Sum Good for many different types of
data sets; however, too simple,
may not be sensitive to smaller
shift changes or drifts changes

Mean Square Error Sensitive to variation in data set;
hence ModMSE was introduced

ModMSE Eliminates the sensitivity of the
MSE statistic to the change in
variance of the data

Mahalanobis distance Very efficient in condensing a set
of damage features; however, no
clear threshold value using
histogram alone

Fisher Criterion Uses a simple threshold of 1.96
standard deviations away from
the mean; in effect it eliminates
discretion of Mahalanobis
distance histogram

6 CONCLUSIONS

Change point analysis is essential in detecting damage
in a structure. There are many factors (e.g., variation in
environmental and operational condition) that can con-
tribute to a change in structure’s response and thus in
damage indices of a damage detection algorithm. There-
fore, statistical frameworks can be used to distinguish
between common and assignable changes by creating
boundary limits for changes in a process (i.e., varia-
tion of damage indices). There are many change point
detection methods that are used in various industries.
However, for their implementation in SHM schemes,
the statistic and/or boundary limit generation may need
adaptations. In this article, several change point detec-
tion algorithms are examined, and an improved algo-
rithm for the MSE is developed and presented. This
statistic is used to monitor the change in the mean of
a data set and if the variance in the data set is too large,
it may mask the change in mean. Therefore, the mod-
ified ModMSE is introduced, which expunges the vari-
ance of the data set, and its application and effective-
ness are demonstrated in this article. Additionally, it is
shown that the simplified predetermined control limit
for the EWMA is a very simple, although sometimes in-
effective way of determining a boundary and may not
work for all data types. Moreover, it is subject to the
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distribution of the data because it is based on a normal
distribution assumption.

Furthermore, the threshold generating methods de-
scribed in the article can be used for unknown dam-
age because they are statistically generated to produce
a boundary for an in control process. However, they
can be manipulated (e.g., through change in number
of bootstraps) for user defined confidence levels which
makes them suspect to inconsistencies. Therefore, it
is recommended that for civil engineering damage de-
tection purposes, in using univariate and/or multivari-
ate control charts, a “shotgun approach” be utilized in
which multiple charts be used on the same data set to
coordinate damage localization.

Through implementation of IDDA on a laboratory
model, it is shown that IDDA, when combined with the
control charts, is an effective and efficient damage de-
tection scheme. The implementation of change point
detection methods with IDDA features, presented in
this article accurately locates the damage using statis-
tically generated threshold values to determine the sig-
nificance of change. Yet, with an increase in the amount
of output channels, the accuracy and resolution of the
detection of change can increase without a loss for effi-
ciency in time for computation. Moreover, considering
the recent technological advancements in sensing tech-
nology, affordable sensors (such as wireless sensors) can
address the need for the high number of outputs (sen-
sors) without significant economic burden. However,
the location and number of sensors can have an effect
on the accuracy and resolution of damage detection.
Study of such effects will be considered in future work.
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