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This paper is concerned with prediction of the probability of occurrence
associated with various potential states of damage to the Washington Monument
during future seismic events. A finite element model (FEM) of the Monument is
developed and updated based on the dynamic characteristics of the structure iden-
tified through ambient vibration measurements. The calibrated model is used to
study the behavior of the Monument during the 2011 Virginia earthquake. The
FEM is modified to have nonlinear material properties to investigate the initiation
and propagation of cracking, as well as any compressive crushing in the Monu-
ment’s shaft during a future earthquake. The nonlinear FEM is subjected to two
ensembles of site-compatible ground motions representing different seismic
hazard levels for the Washington Monument, and the response used to investigate
the probability of occurrence of several structural and nonstructural damage
states. [DOI: 10.1193/091515EQS138M]

INTRODUCTION

The 2011 Virginia Earthquake underlines the need to assess seismic vulnerability of
structures in the Central and Eastern United States (CEUS), where according to the U.S.
Geological Survey (USGS), due to the unique geological and geotechnical conditions,
ground shaking although less frequent can be felt over a significantly broader region com-
pared to similar events in the Western United States, and therefore the consequential damage
is expected to be more widespread. One example of this phenomenon is the damage observed
in the Washington Monument following the August 2011 Virginia earthquake, which
occurred despite being located over 130 km away from the epicenter of this Mw 5.8 earth-
quake in Mineral, VA. Several observations of damage in this structure were reported includ-
ing cracks, surface spalling, and dislodging of stone blocks in the pyramidion, crumbled
mortar, as well as damage to the lightning protection system and elevator (Wiss, Janney,
Elstner Associates, Inc., 2011). The structure was immediately evacuated and remained
closed to the public for nearly three years to complete the repairs to the Monument. Due
to architectural and national significance of this structure, it is of substantial interest to
study the possibility of damage to this structure under future seismic events. Such a predic-
tion is beneficial for decision making in regards to the development of health monitoring
plans for the structure.
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This paper investigates the fragility of the Washington Monument at different seismic
hazard levels. For this purpose, a finite element (FE) model of the structure is developed
and calibrated with reference to the dynamic characteristics of the structure identified through
ambient vibration measurements. The updated model is then used to study the behavior of the
structure during the 2011 Virginia earthquake to explain the potential causes of the observed
damage following this event. Finally, a fragility analysis is performed to study the probability
of occurrence of similar structural and nonstructural damage states in the future.

The focus of this study is the causes of damage to the shaft of Monument during Virginia
earthquake as well as the possibility of damage to the shaft in the future. While the effect of
the top section of the structure, which is called the pyramidion, on the overall dynamic beha-
vior of the Monument is included in the FEM, this section is not modeled in detail. This is due
to a lack of information for modeling purposes as well as access to the interior to the pyr-
amidion to deploy sensors and perform structural identification for calibrating the model.
Wells et al. (2015) presents a vulnerability assessment on the Monument, where the pyra-
midion section was modeled in more details; however, the FEM developed in that study was
not validated with the vibration characteristics of the structure, and vibration periods appear
to deviate from measured vibration periods presented in this paper. Wells et al. (2015)
concluded that in an earthquake scenario with a 2,475-year return period, while some
additional damage to the pyramidion section of the Monument may occur, the overall
integrity of the Monument’s shaft and its supporting soil would not be vulnerable to safety-
compromising damage.

This paper is organized as follows: First, a structural description of the Washington
Monument is given, along with a summary of the damage observations documented after
the Virginia earthquake. Subsequently, the procedure of developing a FE model (FEM)
of this structure is described. Next, ambient vibration field tests and identification of the
dynamic characteristics of the structure are briefly explained. The model-updating proce-
dures to minimize the uncertainty associated with the modeling assumptions are then
presented. This is followed by an explanation of the methodology adopted for the estimation
of the ground shaking at the site of the Washington Monument. Results of the time history
analysis of the FEM are presented through which potential causes of the observed damage in
the structure are then discussed. Following that, the steps required for seismic fragility assess-
ment are described, which include: generation of site-compatible earthquake ensembles;
creation of nonlinear FEM of the structure; and finding the occurrence probability for
acceleration and stress-related states of damage. Finally, the paper concludes with a summary
of the findings and conclusions.

WASHINGTON MONUMENT: STRUCTURAL DESCRIPTION

This section briefly describes the construction history and structural details of the
Washington Monument. Construction of this structure was completed in two phases with
a two-decade suspension due to lack of funding and the occurrence of the Civil War.

During the period from 1848 to 1856, a 23.3 ft. (7.1 m) deep stair stepped pyramid foun-
dation having a square base with 80 ft. (24.4 m) long sides was constructed of blue gneiss.
Marble and bluestone masonry walls that were 55.5 ft. (16.9 m) wide and 15 ft. (4.57 m) thick
at the ground level were raised to about 156 ft. (47.5 m).
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During the period of 1879 to 1884 a second phase of construction occurred involving the
strengthening of the original foundation using a system of tunneling and filling with concrete.
The new foundation with a base of 126 ft. 5.5 in. (38.5 m) long at each side and a depth of
36 ft. 10 in. (11.2 m) fully encased the primary foundation in concrete (John Milner
Associates, Inc., 2004). Construction of walls was resumed by first reducing them to a height
of 150 ft. (45.7 m), and then rising them to the 500 ft. (152.4 m) level to create a shaft. These
walls are 34.5 ft. (10.5 m) wide and 1.5 ft. (0.46 m) thick at the top, are made of marble and
granite below the 450 ft. (137.2 m) level and marble from the 450 ft. (137.2 m) to 500 ft.
(152.4 m) level. Finally, the pyramidion section was built from 500 ft. (152.4 m) to 555.4 ft.
(169.3 m), making the height of the Monument approximately ten times its baseline dimen-
sion. Figure 1 shows vertical and horizontal sections of this structure based on a historic
blueprint (Historic American Engineering Record 1986). This historic blueprint provides

Figure 1. Washington Monument: (a) vertical section through north and south walls, (b) hori-
zontal section at 180 ft. (54.9 m) level, and (c) horizontal section at 480 ft. (146.6 m) level.
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some information about the inner structure of the Monument, which consisted of horizontal
platforms and staircases located at every ten feet (3.05 m) along the height of the structure,
vertical columns supporting the platforms and staircases, and an elevator shaft which runs
through the center of the Monument. More detailed blueprints of the interior structure
(Oehrlein and Associates Architects 1993) show eight columns, running vertically over
the height of the Monument. These columns are called “Phoenix Column” and are each
a circular pipe column made of iron, commonly used during the time of this construction.

WASHINGTON MONUMENT AFTER THE 2011 VIRGINIA EARTHQUAKE

Following the 2011 Virginia Earthquake, through immediate assessment and rope access
inspection actions, damage observations in the Monument were documented (Wiss, Janney,
Elstner Associates, Inc., 2011). A restoration project was completed over nearly three years to
repair the interior and exterior damage in the Monument. This study is concerned with the
causes of observed damaged in this structure as well as the probability of occurrence of
similar states of damage during a future earthquake. This section reviews the damage obser-
vations reported following the 2011 Virginia Earthquake.

Several types of damage were documented during the post-earthquake inspection of the
Monument. However, the main types of observed damage were cracking and spalling of the
masonry stone. This type of damage was found over the entire height of the structure, with a
higher density of cracks occurring in the pyramidion as well as the upper section of the shaft
around the 450 ft. (137.2 m) level. Figure 2 shows examples of damage to the pyramidion
section which consisted of cracking of marble panels and debris that fell to the floor of the

Figure 2. Observed damage in the pyramidion (a) and (b) exterior and interior views of a crack in
marble panels, respectively, and (c) fallen debris at the observation level (source: National Park
Service’s photo gallery).
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observation area. Figure 3 shows some of the damage on the outer shaft of the Monument,
consisting of re-cracking of previously repaired cracks on the west face of the Monument
below the 450 ft. (137.2 m) level, a loss of joint mortar above the 450 ft. (137.2 m) level
inside the shaft, and spalling and missing patch material below the 100 ft. (30.5 m) level on
the exterior surface of the shaft. Finally, Figure 4 (Washington Post 2012a) schematically
illustrates the overall damage to the stone blocks on the four faces of the Monument. This
figure highlights damaged blocks showing different forms of damage such as spalling, crack-
ing, loose fragments of stones, and damaged mortar (Washington Post 2012b). In order to
distinguish between damage due to the 2011 earthquake with prior damage, available historic
condition surveys of the Monument were studied. Damage at the lower levels of the masonry
walls was periodically documented in previous historic reports (Oehrlein and Associates
Architects 1993) and reported to be caused primarily due to deterioration, weathering,
and building settlement with time (JohnMilner Associates, Inc., 2004). Therefore, it is specu-
lated that the 2011 Virginia earthquake most likely induced damage to the pyramidion and
upper as well as the middle levels of the masonry shaft of the Monument.

STRUCTURAL MODELING

Information obtained from a historic blueprint of the Monument is used to construct a 3D
FEM of the structure. In this study, the finite element program ABAQUS (Dassault Systèmes
2013) is used to develop a FEM of the Monument (shown in Figure 5) because of its
capability to assign nonlinear material modeling to continuum elements.

Figure 3. Observed damage in the masonry shaft: (a) re-cracking of previously repaired joints;
(b) loss of joint mortar on the interior stone blocks; (c) spalling of the exterior stone blocks
(source: (a) Wiss, Janney, Elstner Associates, Inc. (2011), (b) and (c) National Park Service’s
photo gallery).
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The superstructure masonry shaft of the Monument is modeled in ABAQUS using 6450
C3D8 solid elements based on the dimensions described in the previous sections. The FE
mesh shown in Figure 5 is selected as further mesh refinement would change the natural
frequencies and earthquake-induced maximum vertical stresses of the FEM by less than
1%. It should be noted that the level of modeling complexity with respect to the masonry
arrangement is selected so that the FEM can be reasonably calibrated based on the

Figure 4. Schematic of damaged stone blocks of the Washington Monument (source: National
Park Service).
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characteristics of the global behavior of the structure to be extracted through vibration
measurements. Since this study is primarily concerned with the modeling of the shaft, details
of the pyramidion section are not included in the model. However, its effect is considered as a
distributed mass at multiple locations at the 470 ft. (143.3 m) level (where the stone blocks
that support the pyramidion are integrated into the shaft’s walls) to the 500 ft. (152.4 m) level,
adding up to the estimated mass of the pyramidion. The effect of pyramidion section on the
stiffness of the shaft is included using multi-point constraints to introduce diaphragm
behavior at the 500 ft. (152.4 m) level. Since the Phoenix columns were proven to have
negligible effect on the vibration period of the model (due to their stiffness being relatively
negligible compared with the stiffness of the shaft), they are not included in the ABAQUS

Figure 5. ABAQUS FEM of the Monument: (a) 3D view (b) vertical section (c) horizontal view
from the top.
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FEM. However, the effect of the stairs and platforms are included by assigning multi-point
constraints to the nodes of the shaft at every ten feet (3.05 m).

The substructure is modeled as a lumped mass located at its center of mass and a group of
uncoupled springs at the base of the foundation to represent the compliance of the soil beneath
the foundation with respect to translation and rotation about all three principal directions of the
model. The stiffness of these springs were calculated according to the Prestandard and Com-
mentary for the Seismic Rehabilitation of Buildings (FEMA 2000). In this method, the founda-
tion is assumed rigid with respect to the supporting soil, and hence the uncoupled spring model
represents the stiffness of the surrounding soil. The dimension of the footing and effective shear
modulus of the underlying soil was used to estimate the equivalent spring coefficients. The effec-
tive shear modulus of the supporting soil was determined based on the measured shear wave
velocity and estimated unit weight of the soil at the site of the Monument. Correction factors are
then applied in order to consider the effect of the soil embedment on the substructure stiffness.

In a previous study by the authors (Shahidi et al. 2015), a parametric study consisting of
12 cases was conducted by permutation of the material properties of the shaft as well as the
stiffness of the substructure spring model to their average, lower, and upper values. It was
observed that among all the cases, the one with lower bound values for the modeling para-
meters has the closest periods to the identified natural frequencies from the ambient vibration
measurements. Therefore, the set of modeling parameters from this case is used to create a
baseline ABAQUS FEM. Table 1 summarizes these modeling parameters. In order to further

Table 1. Modeling parameters from previous parametric study (used as the initial set of values
in vibration-based model calibration)

Modeling parameter
Value
(unit)

Value
(unit)

Weight of pyramidion 672
(kips)

305
(tons)

Unit weight of masonry walls 0.165
(kips∕ft3)

2.64
(ton∕m3)

Weight of foundation 6.79E+04
(kips)

3.08E+04
(tons)

Weight of soil on top of foundation 2.31E+04
(kips)

1.05E+04
(tons)

Elasticity modulus of masonry walls 9.3984E+05
(ksf)

45
(GPa)

Stiffness of sub-structure along horizontal axes (x & y) 1.4669E+06
(kips∕ft)

2.1414E+07
(kN∕m)

Stiffness of sub-structure along vertical axis (z) 1.2084E+06
(kips∕ft)

1.7640E+07
(kN∕m)

Stiffness of sub-structure in rocking about horizontal axes (x & y) 4.6387E+09
(kips.ft/rad)

6.2855E+09
(kN.m/rad)

Stiffness of sub-structure in twisting about vertical axis (z) 9.7849E+09
(kips.ft/rad)

1.3259E+10
(kN.m/rad)
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minimize the estimation error of the developed FEM, in this paper the uncertainty associated
with the modeling parameters are identified, and subsequently a systematic search in the
domain of uncertain model parameters is conducted.

STRUCTURAL IDENTIFICATION

Prior to using the developed FEM to simulate the behavior of the Monument during past
or future seismic events, it is critical to validate this model and minimize the uncertainty
stemmed from modeling assumptions. For this purpose, field vibration testing was conducted
to identify the dynamic characteristics of the Washington Monument and use them as a basis
for calibration of the FEM.

Eight wired accelerometers and a portable data acquisition system was used to measure the
ambient vibration of the Monument for over 60 minutes to wind excitation. Figure 6 shows
the instrumentation at 491 ft. (149.7 m) level in the field test, which was planned based on
the accessibility of the structure for the ambient vibration measurements. Figure 7 shows the
detrended acceleration time history and the power spectral density (PSD) of one of the mea-
sured signals using theWelch method (Welch 1967). Peaks in this PSD plot, which also exist in
the data from other channels, indicate the natural vibration frequencies of the structure.

Figure 6. Instrumentation plan at: (a) 491 ft. (149.7 m) level; (b) and (c) sensors A1 and A2

attached to the southeast corner of the Monument.
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Modal parameter identification is performed using the output-only Eigen Realization
Algorithm (ERA-OKID-OO) implemented in SMIT or Structural Modal Identification Tool-
suite (Chang and Pakzad 2014). Using SMIT, the optimum model order was found from the
stabilization diagrams and the modal properties were extracted. Table 2 tabulates the values
for the first seven identified structural vibration modes. It should be noted that because the
sensor deployment was located at only one level of the shaft, no spatial information along the
height of the structure for the mode shapes are available, and thus the modal ordinates are
used only to distinguish between translational and torsional modes.

FE MODEL UPDATING BASED ON IDENTIFIED MODAL QUANTITIES

As the first step for model calibration, the model parameters possessing uncertainty are
identified. Model parameters describing the superstructure mass (i.e., mass of masonry walls
and pyramidion section) and substructure mass (i.e., mass of foundation with soil on top of it)
were verified through a comparison with previous estimations (Casey 1885). Therefore, the
main sources of uncertainty in the FEM are the modulus of the elasticity of the masonry walls

Figure 7. Acceleration measured through sensor A1: (a) detrended time history; and (b) power
spectral density.

Table 2. Dynamic characteristics of the Monument identified through measurements

Mode number 1 2 3 4 5 6 7

Period (s) 1.79 1.78 0.48 0.48 0.32 0.32 0.22
Damping (%) 2.4 1.9 0.9 1.1 2.1 2.7 1.8

Modal ordinate elevation:
491 ft. (149.7 m)
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of the shaft and the spring model of the soil. Two separate parameters are considered to
calibrate the moduli of elasticity of the shaft: P1 and P2. These two updating parameters
are unitless multiplicative factors to be applied to the moduli of elasticity of masonry material
shown in Table 1 during the calibration procedure. P1 is applied to the modulus of elasticity
of lower part of the shaft (0–150 ft. (0–45.7 m) elevation) and P2 is multiplied to the modulus
of elasticity of the upper part of the shaft (150–500 ft. (45.7–152.4m) elevation). This dis-
tinction is made because the lower portion of the structure was constructed three decades
earlier than the upper part. Also, the layout of these two sections are different; where the
upper portion is made of marble and granite stone blocks and the lower portion has a
layer of infill rubble masonry in between the interior and exterior stone wythes. It is expected
then that the lower portion of the shaft will have a lower modulus of elasticity than the upper
portion. The third uncertainty is represented by the parameter P3, where P3 is a unitless factor
to be assigned to the spring model of the soil (shown in Table 1) in the calibration process.
These multiplicative factors are set equal to one (P1 ¼ 1, P2 ¼ 1, and P3 ¼ 1) to define the
parameters of the baseline model.

Two calibration techniques are used to update the selected parameters of the FEM with
reference to the identified vibration frequencies of the structure, and their results and com-
putational costs are compared. First, a sensitivity-based method is used (Mottershead et al.
2011). In this method, an error function is formulated on the basis of a truncated Taylor series
expansion of the natural periods of the model, written in terms of the uncertain model para-
meters and a sensitivity matrix consisting of first derivatives of the vibration periods with
respect to the model parameters. Starting with an initial estimate for the model parameters,
this error function is iteratively minimized by updating the model parameters and the sensi-
tivity matrix associated with them. Convergence is achieved when the periods of the updated
model fall within a certain threshold from the identified periods (5% in this study), or when
further updating iterations does not change the updating parameters (a 1% threshold is used
for the average change in the updating parameters in this study). Since convergence of this
method depends on the choice of the initial set of the model parameters, and also to ensure
that the updated model parameters correspond to global optima of the error function, the
model updating process is repeated using several different initial values for the parameters.
Table 3 summarizes the initial and final set of values for model parameters (P1, P2, and P3)
identified with uncertainty as well as their error in predicting the identified periods. As
Table 3 shows, the search for P1 and P2—the multiplicative factors defining the effective
modulus of elasticity of the masonry walls—is bounded to a value between 0.5 and 1, since
the lower bound of the moduli of elasticity of the stones were used for the material modeling
in the parametric analysis presented in Shahidi et al. (2015). The search for P3 is conducted in
an interval from 0.9 to 1.4 of the baseline model’s parameters, that is, the lower bound in the
previous sensitivity analysis.

In the second calibration method, an FE-based error function is approximated and then
minimized through numerical optimization algorithms Shahidi and Pakzad (2014a). In this
method, first, polynomial response surface (RS) functions are trained to predict the response
of the FE simulation in a pre-selected domain of model parameters. Then, the model updating
problem is solved through minimization of the RS-based objective function shown in
Equation 1:
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EQ-TARGET;temp:intralink-;e1;41;417 min
P1,P2,P3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

�
RSiðP1,P2,P3Þ � Ti

Ti

�
2

s
i ¼ 1,3,5,7 (1)

In this equation, Ti represents the ith identified natural period (shown in Table 2), and RSi
denotes the RS model predicting the period of the FEM corresponding to Ti. In order to find
RS models that are capable of predicting the response of the FE model throughout the domain
of model parameters, the general framework proposed by Shahidi and Pakzad (2014a, 2014b)
is used here. The minimization problem is solved using the “active-set” algorithm (Nocedal
and Wright 2006) in a multi-start framework starting from all vertices of the selected RS
domain, which are in effect the starting points used in the sensitivity-based procedure
described previously. Figure 8 shows the search history of each parameter. It is observed
that regardless of the starting points convergence is achieved, and updated parameters
using this method confirm the results of the sensitivity-based analysis performed earlier.
Moreover, the construction and validation of the RS models are completed with 33 FE

Table 3. Model updating results using sensitivity method (normalized with respect to the initial
set of model parameter values shown in Table 1)

Case 1

Initial values

RMSE1 (%)

Updated values

RMSE (%) FEA count3P1 P2 P3 P1 P2 P3

Case 2 0.5 0.5 0.9 10.5 0.56 0.67 0.96 6.3 17
Case 3 1 0.5 0.9 8.4 NC2 NC NC 8.4 12
Case 4 0.5 1 0.9 7.8 0.56 0.68 0.95 6.3 37
Case 5 1 1 0.9 14.0 0.56 0.67 0.96 6.3 37
Case 6 0.5 0.5 1.4 8.1 0.56 0.67 0.96 6.3 33
Case 7 1 0.5 1.4 11.3 NC NC NC 11.3 8
Case 8 0.5 1 1.4 13.0 0.56 0.67 0.96 6.3 25
Case 9 1 1 1.4 20.7 0.56 0.67 0.96 6.3 41

1 RMSE: root mean square error in estimating the periods T1, T3, T5, and T7
2 NC: no convergence
3 FEA count: number of finite element analysis (FEA) in updating process

Figure 8. RS-based search history of the updating parameters.
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analyses. Compared to the total number of FE runs associated with the sensitivity method
(shown in Table 3), it is observed that the cost of the global search of the RS domain of
uncertain model parameters are six times lower than the sensitivity method.

Table 4, summarizes the vibration periods of the baseline and updated FEMs and their
errors with respect to the identified vibration periods of the structure (shown in Table 2). This
table shows that the updated FE model (where P1 ¼ 0.56, P2 ¼ 0.67, and P3 ¼ 0.96) better
estimates the vibration periods of the Monument compared to the baseline FE model (where
P1 ¼ 1, P2 ¼ 1, and P3 ¼ 1).

2011 VIRGINIA EARTHQUAKE GROUND MOTIONS

Recorded ground accelerations during the 2011 Virginia earthquake were used to inves-
tigate the behavior of the monument during this event. For this purpose, ground shaking at the
foundation level (FL) of the Washington Monument was estimated based on the USGS
recording of this earthquake in Reston, VA (Reston Fire Station 25). This choice is justified
because this station is the closest USGS station to the site (about 31 km away) and Reston and
Washington, DC have comparable distances with respect to the epicenter of the earthquake,
Mineral, VA (both located northeast of Mineral, VA about 122 km and 130 km away, respec-
tively). Shear wave velocity profiles at these two sites were measured by USGS and used to
estimate the ground shaking at the site of Washington Monument during the earthquake
based on the recorded ground shaking at Reston. These measurements are shown in Figure 9,
and are aggregated with the estimated shear wave velocity at the deeper levels through
bedrock (Shahidi et al. 2015).

The bidirectional (E-W and N-S) ground motions recorded at the Reston station were
rotated into path-parallel and path-normal components along the source-to-recording site
orientation (Mineral-Reston). These components at the ground surface (GS) were then decon-
voluted to the hard rock level at Reston using the shear wave velocity profile at the station’s
site (shown in Figure 9a). Hard rock motions in Reston were considered to be representative
of the hard rock motions at the Monument site due to their proximity and respective distances
to the earthquake source. Hard rock motions at the base of the Reston profile were rotated into
(Mineral-Monument site) path-parallel and path-normal components. Site response analysis
was then performed using Deepsoil (Hashash et al. 2012) to propagate the rotated rock
motions up to the FL at the Washington Monument site using the velocity profile at the
site (shown in Figure 9b). Finally, an angular transformation was used to rotate the estimated

Table 4. Comparison of the estimation error of FE model before and after model calibration
with respect to the identified vibration periods from measurements

Mode number 1 3 5 7

T : Vibration period (s)
E: Error (%) T (s) E (%) T (s) E (%) T (s) E (%) T (s) E (%)

Baseline FEM 1.63 8.8 0.45 �7.2 0.26 �18.0 0.17 �22.6
Updated FEM 1.87 4.7 0.52 6.5 0.29 �8.9 0.21 �3.7
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FL and GS motions into the E-W and N-S directions to be applied to the base of the FEM.
Figure 10 shows the time history and response spectrum of the GS and FL ground motions in
the E-W and N-S directions, respectively.

BEHAVIOR OF THE MONUMENT DURING EARTHQUAKE

Time histories of the FL acceleration in the N-S and E-W directions are applied bidir-
ectionally to the base of the calibrated FEM. Linear modal time history analysis are
performed using a time step of 0.005 sec and zero initial conditions, and a 2% damping
ratio for the structure is assumed which is in the range of the damping ratios obtained
from the structural identification (shown in Table 2). This is also consistent with the identi-
fied damping ratios of masonry structures reported in the literature (De Sortis et al. 2005,
Gentile and Saisi 2007). Time histories of E-W components of displacement and acceleration
predicted by the calibrated FEM during the Virginia earthquake at the observation level
[at 500 ft. (152.4 m)] are shown in Figure 11a. This figure indicates a high range of accel-
eration occurs at this level, where the acceleration at the observation level are amplified by
about 10 times compared to the maximum accelerations at the ground level. The distribution
of maximum stresses in the vertical direction on the outer surface of the shaft is shown in
Figure 11b. This figure shows the envelop of tensile stresses along the vertical direction of the
shaft due to the combined effect of the self-weight of structure and bidirectional ground
motions. The color scale in the figure indicates the magnitude of the stresses where the high-
est tensile stresses are shown in dark blue and white represents zero tensile stress. The tensile

Figure 9. Shear wave velocity profile of the soil strata at (a) Reston (b) Washington Monument
site.
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stresses are highly concentrated around the 350 ft. (106.7 m) level. These tensile stresses are
significantly smaller than the reported tensile strength of masonry stone, but they are at the
level of the tensile strength of the grout material. Table 5 summarizes the reported tensile and
compressive strength of these materials (ASTM 2010 and 2011). The maximum compressive
stress throughout the entire structure [�72.1 ksf (�3.45MPa)] is also considerably smaller
than the reported compressive strength of marble, granite, and grout as shown in Table 5.
Therefore, the concentration of the maximum tensile stresses explains the cracking damage
observed around these levels of the Monument shaft in terms of the mortar loss and
re-cracking of the previously repaired cracks.

FRAGILITY STUDY

This section presents a fragility study to investigate the probability of damage to the
Washington Monument in future earthquake scenarios. The fragility function (FR in
Equation 2) provides the probability of occurrence of a damage state conditioned on a seismic
intensity measure (SIM) (e.g., peak ground acceleration, spectral acceleration at the funda-
mental period of vibration, etc.):

Figure 10. Accelerograms and response spectra (2% damping).

EQ DAMAGE AND SEISMIC FRAGILITY ANALYSIS OF THEWASHINGTONMONUMENT 2413



EQ-TARGET;temp:intralink-;e2;41;239FRðSIMÞ ¼ PLSðSIMÞ ¼ PðθD ≥ θLSjSIMÞ (2)

where θD and θLS denote the seismic demand and structural capacity, respectively, associated
with the limit state LS, both in terms of a specific engineering demand parameter (EDP). This
function is commonly modeled as a two-parameter lognormal cumulative distribution
function expressed by Equation 3 (Shinozuka et al. 2000; Cornell et all 2002; Kinali and
Ellingwood 2007; Ellingwood et al. 2007; Celik and Ellingwood 2010):

EQ-TARGET;temp:intralink-;e3;41;156FRðSIMÞ ¼ Φ
�
lnðSIM∕SIMLSÞ

βcomb

�
(3)

In this equation, SIMLS is the median structural capacity associated with the limit state LS, Φ
denotes the standard normal cumulative probability function, and βcomb is the combined

Figure 11. FEM predicted structural response during Virginia earthquake: (a) history of accel-
eration and displacement in E-W direction at 500 ft. (152.4 m) level, (b) distribution of maximum
tensile stresses (ksf) in vertical (Z) direction.
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standard deviation reflecting the overall uncertainty in the fragility analysis. In effect, two
sets of information are required for estimating the parameters of this lognormal fragility func-
tion: (1) probabilistic seismic demandmodel as a function of selected SIM, and (2) probability
characteristics of the structural capacity associated with the limit state LS.

The probabilistic seismic demand model is a power function (shown in Equation 4)
relating the selected structural demand to the SIM.

EQ-TARGET;temp:intralink-;e4;62;411θD ¼ a SIMbε (4)

In logarithmic form this model can be written as:

EQ-TARGET;temp:intralink-;e5;62;367 lnðθDÞ ¼ ln aþ b lnðSIMÞ þ lnðεÞ (5)

Constants a and b are estimated using the least squares technique and a dataset generated
from a nonlinear time history analysis using an ensemble of earthquakes. lnðεÞ is the random
error component in the regression analysis. In this model the errors are assumed to be uncor-
related and follow a zero mean Gaussian distribution, and therefore lnðθDjSIMÞ follows a
normal distribution (Montgomery et al. 2004), where:

EQ-TARGET;temp:intralink-;e6;62;272 lnðθDjSIMÞ ∼ Nðln âþ b̂ lnðSIMÞ,σlnðεÞÞ (6)

In Equation 6, â and b̂ are the least square estimates for a and b, and σlnðεÞ is the standard
deviation of the error of the regression model shown in Equation 5.

Similarly, lnðθLSjSIMLSÞ follows a normal distribution as shown in Equation 7:

EQ-TARGET;temp:intralink-;e7;62;193 lnðθLSjSIMLSÞ ∼ Nðln âþ b̂ lnðSIMLSÞ,βLSÞ (7)

βLS (the logarithmic standard deviation of θLS) is usually determined from an existing data-
base (Ellingwood and Tekie 2001).

Having the probabilistic models of demand and capacity, Equation 2 can be written as:

EQ-TARGET;temp:intralink-;e8;62;116FRðSIMÞ ¼ PðθD ≥ θLSjSIMÞ ¼ Pðln θD � ln θLS ≥ 0jSIMÞ (8)

Table 5. Compressive and tensile strength of masonry materials

Masonry material

Tensile strength Compressive strength

ksf MPa ksf MPa

Marble 144 6.9 �1;080 �51.6
Granite 216 10.3 �2736 �130.8
Grout * �288 �13.8

* Tensile strength of the grout is assumed to be about 10% of its compressive strength
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Substituting the Equations 6 and 7 into Equation 8 reformulates the fragility function as:

EQ-TARGET;temp:intralink-;e9;41;627FRðSIMÞ ¼ Φ

"
b̂ lnðSIMÞ � b̂ lnðSIMLSÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σln ε
2 þ βLS

2
p

#
¼ Φ

2
4 lnðSIM∕SIMLSÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðσlnε2 þ βLS
2Þ∕b̂2

q
3
5 (9)

Equation 10 shows the logarithmic standard deviation of the fragility function shown in
Equation 3. βM in this equation is included to represent the epistemic uncertainty associated
with the error in the structural modeling (Kinali and Ellingwood 2007):

EQ-TARGET;temp:intralink-;e10;41;532βcomb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσln ε2 þ βLS

2Þ∕b̂2 þ βM
2

q
(10)

GENERATION OF HAZARD LEVEL COMPATIBLE
EARTHQUAKE ENSEMBLES

As stated before, the first step in the fragility analysis is to establish a probabilistic
demand model (shown in Equation 4). For this purpose, the FEM of the structure is analyzed
using a suite of ground motions representing future potential ground shaking at the site of the
structure. In this study, two sets of 22 bidirectional bedrock motions are utilized at the Design
Basis Earthquake (DBE) and Maximum Credible Earthquake (MCE) hazard levels. McGuire
et al. (2001) originally developed these bedrock motions by using a set of 151 tri-dimensional
bedrock motions from the West Coast of the United States and similar tectonically active
regions. They scaled these motions by applying transfer functions to adjust them for the
tectonically inactive CEUS environment. Setting the DBE and MCE uniform hazard
response spectrum (UHRS) developed by USGS at the bedrock level of the Washington
Monument (Site Class A) as the target spectrum, the geometric mean of the horizontal com-
ponents of these bedrock motions are uniformly scaled to match the target, and 22 sets of
motions with the least overall error between the scaled spectra and the target spectrum
(over periods smaller than 2 sec) are selected for the structural fragility analysis in this
study (Chu et al. 2016). A site response analysis is subsequently performed using Deepsoil
(Hashash et al. 2012) to propagate the bedrock motions to the foundation level (FL) and
ground surface (GS) using the shear wave velocity profile of the site (shown in Figure 9b).
Figure 12 shows the response spectra of the generated ground motions at DBE and MCE
hazard levels. The figure shows that these earthquake ensembles have frequency content
needed for dynamic analysis, as they have energy to excite the structural modes of frequen-
cies greater than 1Hz.

DESCRIPTION OF THE NONLINEAR FE MODEL

In order to study the fragility of the Monument, the updated ABAQUS FEM described
above is modified to consider the fragility of the grout and previously damaged sections of
the shaft tension and compressive failure during future earthquakes. Therefore, an elasto-
plastic material model with the appropriate tensile and compressive strengths is introduced
for the solid elements of the model of the shaft. This nonlinear modeling approach was
adopted mainly because the vibration measurements were performed at the ambient
level. Using a complex nonlinear model would essentially add to the modeling uncertainty
that cannot be reduced using the information available to the authors. For the material model,

2416 SHAHIDI ET AL.



cracking in tension is governed by the maximum principal stress, while in compression
maximum Von Mises criteria governs the maximum compressive stress. In this study,
the maximum uniaxial tensile strength was set to 50% of the assumed tensile strength
for the grout (see Table 5) to reflect the deteriorated state of the grout based on the
post-earthquake assessment report (Wiss, Janney, Elstner Associates, Inc., 2011). The
maximum uniaxial compression strength is set to the minimum of compressive strength
of materials shown in Table 5. However, this limit did not govern the material behavior
in any of the MCE and DBE earthquake scenarios. Nonlinear time history analyses are per-
formed for each FL ground motion pair using the Hilber-Hughes-Taylor direct integration
method (α ¼ �0.05) with a 0.005 sec time step. Rayleigh proportional damping was used in
the model based on 2% damping in the second and third translational modes.

ACCELERATION-BASED FRAGILITY ANALYSIS

The analysis results showed that during the Virginia earthquake the acceleration at the
observation level is amplified by about 17 times compared to the input acceleration at
the foundation level (i.e., FL). This high amount of acceleration amplification may explain
the cause of the observed damage at the upper sections of the shaft, pyramidion, and fallen
debris near the observation level following this earthquake. This section of the paper con-
centrates on the fragility of the “acceleration-sensitive” nonstructural components
(e.g., mechanical systems, elevator, lighting fixtures, etc.) at the observation level.

In this study, the peak floor acceleration response at the observation level [500 ft.
(152.4 m)] and average (2% damping) FL spectral acceleration of the first three translational
modes in E-W and N-S direction (Save) are selected as EDP and SIM, respectively. Figure 13a
shows the EDP database resulted from the nonlinear time history analysis of the FEM at the
DBE and MCE hazard levels, as well as the developed probabilistic demand model. This
demand model along with the median capacity (θLS) is used to create fragility functions.
As Equation 10 shows, the combined standard deviation in the formulation of the fragility
curves represents three sources of uncertainties: record-to-record variability, uncertainty in
damage state thresholds, and uncertainty associated with modeling. Another source of

Figure 12. Acceleration response spectra (5% damping) (a) DBE hazard level (b) MCE hazard
level.
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uncertainty is associated with estimating the median structural capacity (SIMLS) from the
regressed demand model. While using a point estimator for SIMLS results in a fragility
curve as shown in Equation 3, SIMLS can be estimated within an interval associated with
a selected statistical confidence. This would result in prediction of the structural fragility
in the form of a region, and will be utilized below to present fragility curves in terms of
confidence levels. Since the demand model of Equation 5 is developed with the assumption
that lnðεÞ is normally distributed, the t-distribution is used to construct a 100ð1� αÞ percent
confidence interval (CI) for EðlnðθDjSIMÞÞ, where α is the level of significance in the con-
fidence interval and shows the rejection regions under the probability distribution function
associated with lnðθDjSIMÞ. Figure 13b shows the demand model predicted with the 95%
confidence. Also shown on this plot is the 95% CI associated with predicting observations
outside the range of datasets used in the regression analysis.

Peak floor acceleration limits defined in HAZUS (FEMA 2012) for nonstructural
acceleration-sensitive components of “Pre-Code” structures are adopted here. On this
basis, four limits for progressively increasing nonstructural damage are defined: “Slight”
damage (θLS ¼ 0.2 g), “Moderate” damage (θLS ¼ 0.4 g), “Extensive” damage (θLS ¼
0.8 g), and “Complete” damage (θLS ¼ 1.6 g). The three contributors to the damage varia-
bility are obtained as follows: (1) record-to-record variability is accounted for by using a
point estimator for σlnðεÞ from the regression of the demand model presented in Figure 13;
(2) as HAZUS suggests, βLS is set to 0.6 to consider the uncertainty in the damage state
thresholds; and, (3) uncertainty associated with the capacity estimation using the updated
FEM is also considered by setting βM to 0.1. Figure 14a shows the fragility curves created
for acceleration-sensitive components at the observation level of the Washington Monument
based on median EDP. Figure 14b shows the fragility regions created on the basis of the
confidence intervals discussed above. For the “Moderate” and “Extensive” damage states,
the 95% CI associated with estimation of median EDP is used. However, for the “Slight” and
“Complete” damage states, where the threshold falls outside of the range of the dataset gen-
erated with DBE and MCE earthquake ensembles, the confidence interval for predicting
observations outside the range of regression data is utilized to create the fragility regions.
It is observed that with this method, more uncertainty is considered in estimating the fragility

Figure 13. Acceleration-based demand model: (a) generated dataset and regression model;
(b) 95% estimation and prediction confidence level.
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of the structure in the “Complete” damage state. Figure 14 indicates that for the Virginia
earthquake with a 0.076 g average FL spectral acceleration at the first three translational
modes of the updated FEM (spectral acceleration corresponding to first three translational
modes in X(E-W) direction are 0.008 g, 0.189 g, and 0.168 g, and spectral acceleration cor-
responding to first three translational modes in Y(N-S) direction are 0.003 g, 0.062 g, and
0.025 g), there is a 85% to 98% probability of reaching the “Slight” damage state, 55% to
75% probability of reaching the “Moderate” damage state, and a low probability (less than
25%) of reaching the “Extensive” and “Complete” damage states. It should be noted that this
paper adopts a general approach to estimate the probability of nonstructural damage at the
observation level of the Monument in future earthquakes. In the presence of more informa-
tion about the configuration of these nonstructural components at the observation level of the
Monument, a more in-depth study can be performed to separately evaluate the fragility of
each group of nonstructural components.

STRESS-BASED FRAGILITY ANALYSIS

Since cracking under tensile stresses is one of the main damage modes of masonry struc-
tures, the fragility of the Washington Monument associated with crack initiation and propa-
gation is also investigated. For this purpose, three limit states are defined as follows: (1) crack
initiation; (2) crack propagation to more than 25% of the outer surface of the masonry shaft
(representing the “Moderate” damage); and (3) crack propagation to more than 50% of the
outer surface of the masonry shaft (representing the “Extensive” damage). The cracked area
in each earthquake scenario is obtained by examining the area on the outer surface of the

Figure 14. (a) Acceleration-based fragility curves; (b) acceleration-based fragility regions
(CI ¼ 95%).
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FEM to determine where plastic tensile strain occurs during each nonlinear time history ana-
lysis. Sensitivity of the results of nonlinear time history analysis with respect to the mesh size
was verified using a FEM with 12,000 elements, and it was observed that the results are not
sensitive to the size of mesh. Table 6 presents the probability of occurrence of these limit
states at the DBE and MCE hazard levels. It is observed that for a DBE level earthquake
scenario, there is high probability associated with crack initiation; however, it is unlikely that
the cracking extends to a moderately large area on the outer surface of the Monument. For a
MCE level event on the other hand, the probability of crack initiation as well as the extensive
crack propagation is high. For the Virginia earthquake with a 0.076 g average FL spectral
acceleration at the first three translational modes of the updated FEM, the probability of crack
initiation is high, whereas the probability of reaching the “Moderate” and “Extensive”
damage state is low. This is consistent with the observations from damage reconnaissance
reports following the Virginia earthquake.

SUMMARY AND CONCLUSIONS

This paper explores potential causes of damage to the Washington Monument during the
Virginia earthquake, as well as the estimation of the probability of occurrence of similar patterns
of damage to this structure during future earthquakes. For this purpose, a FEM of theWashington
Monument is developed using the ABAQUS computer program. The focus of this study is to
investigate the cause of damage to the shaft of the Monument during the Virginia earthquake as
well as the possibility of damage to the shaft in the future. While the effect of pyramidion section
on overall dynamic behavior of the Monument was included in the FEM, this section was not
modeled in detail due to lack of available information for modeling as well as interior access for
sensor deployment and structural identification of such a complicated system.

The modeling primarily focuses on the sub- and super-structure of the outer masonry
shaft of the Monument. In the sub-structure, the total mass of the foundation and soil on
top of it is lumped at its center of mass and a group of uncoupled springs is used at the
base of the foundation to model the compliance of the surrounding soil. In order to minimize
the uncertainty in the modeling procedure, ambient vibration measurements are used to iden-
tify the dynamic characteristics of the structure. The FEM is then calibrated with reference to
the extracted natural periods of the structure. Due to the lack of recorded ground motions in
the immediate Washington, D.C., area, ground motions that occurred during the Virginia
earthquake at the site of the Washington Monument are estimated by applying angular trans-
formations and site response analysis using shear wave velocity profiles of soil layers
measured by USGS to ground surface accelerations recorded in Reston, VA.

Table 6. Probability of occurrence of limit states associated with cracking

Hazard
level

Probability of
exceedance
in 50 years

Return period
(years)

Median
Save (g)

Probability of occurrence of limit state

(1) crack
initiation

(2) moderate
crack propagation

(3) extensive
crack propagation

DBE 10% 475 0.088 82% 23% 0%
MCE 2% 2475 0.190 100% 100% 59%
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A fragility study is also performed in order to estimate the probability of occurrence of
similar types of damage in future earthquakes. Two site-compatible suites of ground motions
at the DBE and MCE hazard levels are generated. A nonlinear FEM is developed to consider
the brittle behavior of the grout and sealant material in tension. Probabilistic demand and
capacity models are established, and fragility intervals associated with a 95% confidence
level are developed for four stages of damage in acceleration-sensitive nonstructural com-
ponents. Moreover, the occurrence probability of three damage states associated with initia-
tion and extent of cracking of grout and repaired masonry materials are established.

The principal findings of this research are:

1. This study highlights the importance of structural monitoring in providing valuable
information about the dynamic characteristics of existing structures to be used as a
basis for reduction of modeling uncertainty.

2. The cross validation of the model calibration techniques reveals that while
sensitivity-based and surrogate-based model updating methods yield the same
results, surrogate-based model calibration requires less computational effort for
global search in the domain of model parameters.

3. Time history analysis of the calibrated FEM of the Washington Monument using the
estimated ground shaking during the 2011 Virginia earthquake, show high accel-
eration at the top of the Monument as well as a concentration of tensile stress at the
upper levels of the masonry shaft. These observations correlate with the damage
observed in the pyramidion section and cracking of repaired sections and loss of
mortar in the upper levels of the shaft.

4. The fragility analyses performed indicate the probability of structural and nonstruc-
tural damage to this structure in future earthquake scenarios. Fragility curves are
beneficial in establishing the probability of several states of acceleration-based
damage at the observation level based on average spectral acceleration of a selected
earthquake scenario.

5. The damage states associated with cracking of the grout material also shows a high
probability associated with initiation and propagation of such cracks on the outer
surface of the masonry shaft of the Monument during a future earthquake.

6. The study highlights the critical need for improved recognition and greater aware-
ness of the seismic vulnerability of constructed facilities and lifelines in the Central
and Eastern United States.
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